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Abstract

We address the computational design of architectural structures which are based on a frame of intersecting beams that are
aligned with the parameter lines of a quad mesh. While previous work mainly put a planarity constraint onto the faces of
the mesh, we focus on the planarity of long-range supporting beams which follow selected polylines in the underlying mesh.
In addition to that, we impose further constraints including planarity of faces, right node angles and static equilibrium, and
discuss in which way these may be combined. Some of the studied meshes are discrete counterparts of certain well-known
surfaces in classical geometry, whose knowledge is helpful for initializing the proposed optimization algorithms.
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1. Introduction

The design and fabrication of freeform shapes in contem-
porary architecture is a rich source for challenging problems
in geometric computing [1]. An important type of structure
possesses a quad mesh with regular combinatorics and possi-
bly isolated combinatorial singularities as a basic underlying
geometric model. The edges of the mesh are aligned with sup-
porting beams and the faces correspond to panels. The cost
of manufacturing panels and beams is an important factor
in the fabrication of such a structure. A lot of attention has
so far been payed to simple panels, in particular to flat ones.
Much less do we know about the design of structures from pla-
nar long-range supporting beams which follow the dominant
mesh polylines (parameter lines) in the quad mesh. Geomet-
rically, this amounts to the design of quad meshes where one
or both families of parameter lines are planar. Such struc-
tures are discrete versions of smooth surfaces with one or two
families of planar iso-parameter lines. Planarity of long-range
elements has a global influence on the overall shape, which
becomes especially tricky if one pairs this with additional con-
straints such as planarity of faces, static equilibrium or right
node angles. The present paper contributes to exactly these
requirements, but does not study structures with two fami-
lies of planar polylines and planar panels, since those have
recently been carefully studied [2].

1.1. Planar beams in architectural structures

1.1.1. Beam continuity

There are three possible ways to connect beams in a grid
structure:
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Figure 1: Left: A quad mesh with planar faces and one family of piece-
wise planar polylines (in colors) approximating the surface on the top
of the Lilium Tower model by Zaha Hadid Architects. The detail of
this design is discussed in Subsection 2.2 and Fig. 8. Right: A quad
mesh in static equilibrium rationalized with planar faces and one family
of piecewise planar polylines (in colors). The detail of this design is
discussed in Subsection 3.2 and Fig. 13.

• Beams are continuous throughout nodes, such as in the
Schubert club band shell [3] (Fig. 2 (a)), where one fam-
ily of beams is stacked on top of the other.

• Beams are interrupted at nodes, such as in the gridshell
of the Joe and Rika Mansueto library [4] (Fig. 2 (b)),
where the straight beams are connected at nodes with
curvature concentration.

• In hybrid cases, beams are continuous in only one direc-
tion, and discontinuous in the others. This is for example
the case for the timber structures of the Cité du Vin in
Bordeaux (Fig. 2 (c)) and the Seville Parasol [5], and for
the steel structure of the Sage Gateshead music center
[6].

In gridshells, beam continuity shows advantages in simpli-
fying connections and making them stiffer. It is also studied
that a timber gridshell with continuous beams can signifi-
cantly reduce the environmental footprint [7]. This paper will
focus on structures with continuous beams, including cases
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Figure 2: Planar beams in architectural structures. (a) Schubert Club Band Shell, designed by James Carpenter Design Associates (image from
flickr.com photographed by Tony Webster under CC BY-SA 2.0). (b) Joe and Rika Mansueto Library, designed by Murphy/Jahn in 2011 (image
from wikimedia.org photographed by Michael Barera under CC BY-SA 4.0). (c) La Cité du Vin in Bordeaux, designed by Anouk Legendre and
Nicholas Desmazières of XTU Agency in 2016 (image from flickr.com photographed by Adrien Sifre under CC BY-NC-ND 2.0).

1 and 3. In these cases, planarity of the continuous beams
yields remarkable advantages in both beam fabrication and
structural performance.

1.1.2. Advantages of planar beams

Fabrication. Beams are usually fabricated from timber or
steel. A common method to fabricate timber beams is glu-
ing laminated timber. Such beams are produced by gluing
wooden strips which are bent in a plane. If a beam is not
planar, each strip needs to be further subdivided into rods
(Fig. 3 (a) and (b)) so that manufacturing complexity in-
creases drastically. Steel beams are commonly produced by
a roller bender from initially straight beams (Fig. 3 (d)). In
this process, it is difficult to obtain non-planar beams with
sufficient precision since the three rollers should be aligned
in a plane. Therefore for both timber and steel, the fabrica-
tion of long-range planar beams is much cheaper and more
effective.
Structural performance. The planarity of beams also of-
fers structural benefits. A straightforward advantage is that
beam planarity in both directions yields a torsion-free sup-
port structure which can simplify the node manufacturing [8].
It can also facilitate the construction of multi-layer gridshells,
such as in the Chinese National Center of Performing Arts.
In addition, planar continuous beams provide convenience for
the installation of structural diaphragms. Cable diaphragms
are for example used in the Strasbourg train station to make
beams slender and thus obtain a remarkably light structure
[9] (Fig. 3 (c)). Another example is the cable reinforcement
on the glass roof of Hamburg history museum [10]. The de-
sign of such diaphragms based on conics was recently studied
in [11].

1.2. Compatibility of planar parameter lines with further con-
straints

Planar parameter lines can be easily achieved by intersect-
ing a surface with one family or two families of planes. How-
ever, they are no longer easy tasks when combining planar
parameter lines with further constraints, such as planarity of
faces, static equilibrium or right node angles. Hence, this pa-
per focuses on investigating how planar parameter lines can
be combined with other commonly seen constraints in archi-
tectural construction. Another motivation of this paper is to

(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a) (b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)

(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c) (d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)

Figure 3: (a) Non-planar timber beams, such as the ones of the Centre
Pompidou Metz (designed by Shigeru Ban), are curved in two direc-
tions (image from flickr.com photographed by Fred Romero under CC
BY 2.0). (b) Hence, when fabricated by gluing laminated timber, the
wooden strips must be subdivided into an array of rods (highlighted in
red). (c) In the gridshell structure of the Strasbourg train station (de-
signed by AREP), the planar beams are made from steel and can easily
be reinforced by “bike-wheel” cable diaphragms. (d) A roller bender
bends the steel with three rollers in a plane (image from flickr.com pho-
tographed by Fred Romero under CC BY-ND 2.0).

identify those constraint sets which allow one to represent ar-
bitrary freeform shapes, and separate them from those which
yield a restricted class of surfaces. The latter case is more
frequent, but in view of applications in architecture, it is not
an obstacle.

In fact, the constraints studied in this paper come from
practical considerations in connection with the architectural
application. We summarize these constraints and designate
their respective abbreviations in Table 1.

A desirable feature in architectural design is planar quad
panels. These are easily achieved with translational shells, as
seen at the Joe and Rika Mansueto library [4] (Fig. 2 (b)),
and the Hippo House in the Berlin zoo [6]. Moreover, all
quad meshes with planar faces and planar parameter lines
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Abbreviations Constraints Figures

P planar beams in one family

PP planar beams in both families

PQ planar quad faces

F
funicularity (static equilibrium)

with a vertical load

90◦
orthogonal crossing beams

(right node angle)

Table 1: Overview of constraints studied in this paper.

(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a) (b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b) (c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)

Figure 4: The diagrams show that we work on the combinations of planar parameter lines with other constraints. (a) The colored intersections are
studied in the literature [2]. (b) This paper focuses on cases with more general constraints which are not covered in (a). In particular, P+PQ meshes
are studied in Section 2 and PP+90◦ meshes are studied in Section 4. The P+90◦ meshes constitute a simple case briefly discussed in Subsection
6.3. (c) This paper also investigates the funicularity in meshes of planar parameter lines. PP+PQ+F meshes are studied in Subsection 3.1 and
P+(PQ)+F meshes are studied in Subsection 3.2. The PP+F meshes are shortly discussed in Subsection 6.3.

possess a relation to translational nets, expressed in terms of
projective geometry [2].

Another architecturally interesting property is the so-
called funicularity (or static equilibrium), which means that a
surface-like structure can resist the load with pure axial forces
and has no bending moment. In a self-supporting structure
all these axial forces are compressive [12, 13, 14]. Principal
meshes in static equilibrium have been studied in [15]. A
grid may also admit a self-stressing mode: the internal axial
forces that are at equilibrium without external load. Such
shapes may be realized as a cable-net, a remarkably light-
weight structural typology.

For architectural construction, it is also useful to have an
orthogonal crossing angle of beams at the nodes. This gen-
erates repetitive nodes in the whole structure and simplifies
the node manufacturing process [16, 17].

Planar beams can also be further constrained by consider-
ing the plane orientation. Architectural structures can ben-
efit from a family of planar supporting beams which are
aligned in horizontal, i.e. parallel planes, for example fol-
lowing floor slabs. Also, a gridshell with vertical supporting
beams can offer a clear top view for a designer and even
provide an aesthetic shading pattern, such as in the Dutch
Maritime museum [18].

The diagrams in Figure 4 show the combinations of con-
straints that are covered in this paper.
1.3. Contributions and overview

In this paper, we present approaches to the computational
design of quad meshes with one or two families of planar pa-
rameter lines with additional properties which play a role in
the architectural applications. Specifically, our contributions
are as follows:
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• In Section 2, we investigate surface approximation by
quad meshes with planar parameter lines and planar
faces. Since two families of planar parameter lines and
face planarity lead to a shape restriction [2], we provide
a method for approximating a given surface by a quad
mesh with planar faces and one family of planar param-
eter lines. We also address cases where a global solution
does not exist, but one can combine quad meshes with
the required properties to a useful global structure with
piecewise planar parameter lines.

• In Section 3, we study meshes with planar polylines and
funicularity (static equilibrium), with and without con-
sidering vertical loads. The former case is interesting
from a geometric perspective (Subsection 3.1), the latter
is more important for practical design (Subsection 3.2).
Using the so-called Airy stress surface, this requires only
a small modification of the algorithm presented in Sec-
tion 2.

• In Section 4, we introduce two methods for finding
meshes with planar polylines which meet at an angle
of 90◦. One approach uses a special class of surfaces
with planar orthogonal parameter lines for accessing the
design space. The other one starts with a numerical so-
lution of the partial differential equation that needs to
be solved in the case of smooth surfaces. In both cases, a
global optimization algorithm detailed in Section 5, can
be used to modify the initial shapes with mesh editing
operations.

• Using the optimization approach described in Section 5,
we refine the initialized structures and explore the design
space by shape editing. We further provide a number
of designs illustrating the capabilities of the presented
computational design framework.

1.4. Previous work

Related work on design for fabrication. Meshes with planar
polylines have been used in architectural construction and
stylized fabrication. Within architectural geometry, we point
to work on meshes with planar polylines and planar faces,
partially also with a right node angle, based on generation
methods which have their origin in classical and constructive
geometry [19, 20, 21]. Since a right node angle and planar
faces characterize a discrete curvature line parameterization,
one has a relation to the classical subject of surfaces with
one or both families of planar principal curvature lines. A La-
guerre geometric perspective and construction methods based
on that have recently been proposed for computational de-
sign [2]. We refer to this paper also for a review of the related
classical geometric literature.

In addition, we mention research on triangle meshes of reg-
ular combinatorics where some or all of the dominant mesh
polylines are planar [22].

Besides the constructional advantage for architecture,
shapes with planar sections also frequently appear in small-
or medium-scale stylized fabrication, for example in artworks
called slice-forms [23]. McCrae et al. [24] presented an ap-
proach to coarse shape approximation with just a few well-

chosen planar slices, while the interlocked assembly of struc-
tures from planar pieces is addressed by Schwartzburg and
Pauly [25]. A cross field aligned mesh joinery method was
proposed to approximate shapes by several interlocked pla-
nar pieces [26]. For more references on stylized fabrication
we refer to the survey by Bickel et al. [27].
Related work on smooth surfaces will be described in connec-
tion with the respective discrete versions in Sections 2, 3 and
4.

2. Combining planar polylines and planar faces

For many architectural applications, the skin of the struc-
tures can be treated as a quad mesh. The edges of the mesh
will be part of the support structure and the faces will be
panels. There, it is a great advantage if the panels are pla-
nar. The resulting planar quad meshes have therefore re-
ceived a lot of interest in Architectural Geometry (see e.g.
[28, 29, 8, 1]).

In this section, we study planar quad (PQ) meshes in which
one family of polylines is planar (P+PQ meshes). The gen-
eration of PQ meshes with both families of parameter lines
being planar (PP+PQ meshes) is restricted in the possible
shapes, for which the form-finding methods have been stud-
ied in [2].

2.1. Smooth Surfaces

2.1.1. Planar parameter lines

Meshes with planar parameter lines are discrete versions
of parameterized surfaces x(u, v) whose isoparameter lines
u = const and/or v = const are planar. In this section, we
will alternate between the smooth setting and its discrete ver-
sions. For some cases, knowledge on the smooth counterparts
is important to get insight on the feasibility of certain combi-
nations of constraints. It is also important for an appropriate
initialization of the employed optimization algorithms.

In the following, M denotes a quad mesh with grid com-
binatorics. We consider it parameterized over a rectangular
portion of the Z2 lattice such that vertex vi,j is the image of
the point (u, v) = (i, j) ∈ Z2. The discrete parameter lines
belong to constant i or j in the parameter lattice. We are
interested in those meshes M for which at least one family
of parameter lines is planar. If one or both families of pa-
rameter lines are planar, we call the mesh M a P-mesh or a
PP-mesh, respectively.

Our meshes M may be seen as discrete counterparts to
smooth surfaces S obtained by a parameterization x : R2 ⊇
[u0, u1] × [v0, v1] → R3, whose u-lines (v = const) or/and
v-lines (u = const) are planar. The planes in which the u-
lines lie are denoted by U(v), and likewise planar v-lines lie
in planes V (u). We use the same notation for meshes, but
write Uj = U(j) and Vi = V (i) for the planes of parameter
lines.

Any surface S can at least locally be parameterized with
planar parameter lines. We even have a lot of freedom in
prescribing the two families of planes U(v), V (u). However,
since we want to achieve a regular parameterization, we have
to make sure that the intersection curves S ∩ U(v) form a
fibration of the surface, and the same shall be true for the
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curves S∩V (u). Moreover, the two curve sets should intersect
transversally. This may not be possible globally.

When prescribing the plane families, we have to stay away
from the envelope of planes, which is a developable surface
that may degenerate to a single straight line (see Fig. 5).
Recall that the envelope surface EU of a family of planes

U(v) : u0(v) + u1(v)x+ u2(v)y + u3(v)z = 0,

where ui(v) are C
1-functions of v, is computed by intersecting

the planes with the derivative planes (dots indicating deriva-
tives with respect to v),

U̇(v) : u̇0(v) + u̇1(v)x+ u̇2(v)y + u̇3(v)z = 0.

The intersection lines U(v) ∩ U̇(v) form a developable ruled
surface EU ; for details we refer to [30].

(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a) (b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)

Figure 5: To construct a regular parameterization of a surface with a
family of planar parameter lines, one has to avoid the envelope of planes
(a). A case which may still be useful despite its singularity is the one
where all intersection curves pass through a point (b).

Totally analogous statements hold in the discrete setting.
If we would like to approximate a surface S with a P-mesh
or PP-mesh M , we have to make sure that the intersection
lines of consecutive planes in a family, e.g. Uj ∩ Uj+1 do not
intersect the reference surface S.

2.1.2. Conjugate parameterizations

A PQ mesh M approximating a surface S is closely tied to
the curvature behavior of S. Assuming that the parameter
lines of M are fair and thus represent a proper discretiza-
tion of a smooth surface parameterization, a PQ mesh M is
a discrete conjugate parameterization [31, 32]. Hence, it is a
discrete counterpart to a conjugate parameterization x(u, v)
of a smooth surface S, that is characterized by linear depen-
dence of the first partial derivatives xu,xv and the second
mixed derivative xuv. There are infinitely many conjugate
parameterizations of a surface S. They are also called conju-
gate curve networks.

To get such a conjugate network one can prescribe one fam-
ily of curves and get the other family as follows: At each point
of S, one computes the conjugate direction to the tangent of
the given curve family. This computation can be performed
with help of the second fundamental form of x(u, v) [33]: If
n(u, v) denotes a unit normal vector field of x(u, v), one forms
the inner products with the second derivatives of x,

L = xuu · n,M = xuv · n, N = xvv · n.

Then, two tangent vectors ti = aixu + bixv, i = 1, 2 are
conjugate if

La1a2 +M(a1b2 + a2b1) +Nb1b2 = 0. (1)

Hence, if one direction is given, we can compute the con-
jugate direction. Figure 6 uses the Dupin indicatrix (radial
diagram for 1/

√
|κn|) to illustrate the geometric meaning of

conjugate directions as conjugate diameters of the indicatrix.
The tangents at the end points of one diameter are parallel
to the conjugate diameter. Integration of the field of conju-
gate directions to the tangents of the first curve family yields
the second curve family and thus a conjugate curve network.
However, there is a caveat: at hyperbolic points, there are
the so-called asymptotic directions (with vanishing normal
curvature). They are self-conjugate and therefore have to be
avoided if one wants to compute a regular curve network.
In fact, for applications one has to avoid small intersection
angles between the two curve families as well and thus stay
sufficiently far away from asymptotic directions.
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Figure 6: Conjugate directions t1, t2 on the Dupin indicatrix in the
tangent plane at a point with Gaussian curvature K > 0 (a), K = 0
(b) and K < 0 (c). For K < 0, asymptotic directions (asymptotes of
the indicatrix) are self-conjugate and conjugate directions close to them
form a small angle α

2.2. Approximation with P+PQ meshes

From what has been said above, it is clear that one can (at
least locally) approximate any surface S by a PQ mesh which
has one family of planar polylines (P+PQ mesh). One has
to use a guiding frame field of conjugate parameterization
on S in which one tangent vector lies in a family of planes,
say U(v). The difficulty arises in areas of negative Gaussian
curvature, where one has to choose these planes so that they
are nowhere tangent to an asymptotic direction.

2.2.1. Rationalization workflow

We deal with the approximation of a given reference surface
S by a P+PQ mesh with regular combinatorics. In architec-
ture, such a process is called rationalization of a design to
simplify its fabrication. For a given surface (represented as
a dense triangle mesh), we assign a conjugate direction pair
to each face barycenter. One direction t1 lies in a plane of
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Figure 7: Two examples for approximation with P+PQ meshes. (a) A color-coded quality function is obtained by automatic sampling on the target
surface. The user can select vertical planes represented by points on the quality function, noting the periodicity with respect to the angle θ for the
consistency and symmetry of planes. (b) The curves on the surfaces show the asymptotic nets as additional support. Chosen planes should not
be tangent to asymptotic curves to avoid small angles between conjugate directions. (c) Interpolation of the selected planes and computation of
conjugate directions to the intersection curves with the planes yield a conjugate direction field. (d) Based on this conjugate field, we approximate the
surface by remeshing and optimization. The red polylines are the planar ones.

the family U(v) still to be defined, the other direction t2 is
conjugate to it. To compute the conjugate direction, we use
the jet fit method of Cazals and Pouget [34] to numerically
calculate the first and second derivatives. The rationalization
workflow is described as below and illustrated in Figure 7.

Selection of planes. These planes U(v) intersecting the
surface with one family of planar parameter lines should sat-
isfy two conditions:

• The envelope of the planes should not intersect the sur-
face, as discussed in 2.1.1.

• The intersecting curve should avoid asymptotic direc-
tions.

For initialization, we start with a special case where the
planes containing the parameter lines are vertical. This is an
assumption for structural reasons and can later be changed
in the post-optimization procedure. In a top view, the planes
appear as straight lines. Hence, a proper choice of a family of
planes requires the proper choice of a family of straight lines
in the top view.

We provide a color coded quality function as a visual tool
to guide the design of planes. As stated above, planes U(v)
are assumed to be vertical (parallel to the z-axis) and of
course have to intersect S. We sample this 2-parameter set
of planes by the signed distance d to the origin (barycenter
of S) and direction angle θ ∈ [0, π] against the x-axis. Hence,
each possible plane U is represented by a point on the (d, θ)
plane. For each triangle ∆i ⊂ S that intersects U , we take t1

parallel to the intersection line ∆i∩U , compute the conjugate
direction t2 and angle αi between t1, t2. Then the minimal
angle f(U) = min(αi) serves as a quality measure for U to
color the corresponding point (d, θ).

The color coded quality function over the (d, θ)-plane
guides the user to select a few good positions for planes
(Fig. 7). In addition, we provide the user with the net of
asymptotic curves (Fig. 7 (b)). Planes have to be selected
so that they are nowhere nearly tangent to an asymptotic
curve. The user-defined planes are then interpolated to ob-
tain a denser set of planes.

Remeshing and optimization. Based on the selection of
planes, a frame field of pairs of conjugate directions are com-
puted. We re-mesh S by this guiding frame field using the
implementation of mixed integer quadrangulation (MIQ) [35]
in LIBIGL [36]. Using the remeshed structure as an initial-
ization, we employ an optimization procedure to refine the
shape by keeping the essential constraints, such as P, PQ
and proximity to the original shape (see Section 5).

2.2.2. Discussion

Fig. 7 shows two examples in which the sampling method
helps the user to find initial planes. However, this boundary-
to-boundary plane arrangement can fail when the surface has
a complicated behavior of asymptotic directions. For such a
more difficult situation, we can approximate the given shape
by PQ-meshes with one family of piecewise planar polylines.
A solution may incorporate the choice of a combinatorial sin-
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gularity, for which we do not have an algorithmic solution so
far. An example for that is shown by Fig. 8.

(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a) (b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)

(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c) (d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)

Figure 8: P+PQ mesh approximation for the top of the Lilium Tower.
(a) The complicated asymptotic curves lead to no regular settings of
planes with good quality. (b) However, we can approximate it by pieces
of P+PQ meshes assembled around a central combinatorial singularity
of valence 8. One half of the polylines are colored, indicating their
planarity in piecewise. In addition, the color-bar shows that the error
of face planarity is within the range of 2%, which is measured by the
distance between diagonals divided by the average length of diagonals in
each face. (c) The optimized P+PQ mesh approximates the input shape
well. (d) We can further optimize the faces to be accurately planar at
the expense of a larger deviation from the target shape.

3. Combining planar polylines and funicularity

In this section, we combine the constraints of planar poly-
lines and funicularity (static equilibrium) in quad meshes.
Static equilibrium has some interesting connections to geom-
etry and it is a natural question for the architectural applica-
tion. In Subsection 3.1 we discuss equilibrium without exter-
nal loads, in Subsection 3.2 we consider vertical loads. The
former case will be discussed from a geometric perspective,
the latter is more important for practical design. Using the
so-called Airy stress surface, we link the static equilibrium
problem to the planar quad remeshing problem. Hence it re-
quires only a small modification of the algorithm presented
in Section 2.

3.1. Static equilibrium without external loads

Initially we deal here only with the case of no external
loads, which corresponds for example to the geometry of pre-
stressed cable nets.

At first, we consider a supported boundary. Now, each
inner edge, for simplicity called vivj , gets a force density
wij such that wij(vi − vj) is the force exerted at vi and the
opposite force wij(vj−vi) is exerted at vj . Tensile forces (like
in cables) have wij < 0, while compressive forces belong to
wij > 0. Equilibrium is characterized by a vanishing resulting
force at each inner node vi,∑

wij(vi − vj) = 0, (2)

where the sum is over all j characterizing the four connected
neighbors of vi.

For an unsupported boundary, one also has forces in the
boundary edges and this condition is applied at the non-
supported boundary vertices. This shows the well-known fact
that an unsupported boundary polyline is a discrete asymp-
totic curve of the surface: The three edges meeting at an
unsupported boundary vertex vi must be coplanar and the
two boundary edges span the discrete osculating plane of the
boundary (see inset in Fig. 9). Now the claim follows from
the fact that the osculating planes of an asymptotic curve
on a surface are tangent to that surface. The corner ver-
tices, where only two (non-collinear) edges meet, have to be
supported; see Figure 9 for an example.

(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a) (b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)

Figure 9: (a) Quad mesh in static equilibrium without external loads,
with unsupported boundary and supports only at the four corners. (b)
The reciprocal force diagram.

It is a remarkable result that such equilibrium structures
are even invariant under projective transformations [37].
However, forces and moments have to be transformed like
line coordinates. Of course, projective maps also keep the
planarity of faces and parameter lines.

According to the principles of graphic statics, one can now
form a so-called reciprocal force diagram. This is the mesh
of forces. Since the forces at a vertex of M sum up to zero,
they can be arranged as the edge vectors of a closed quad,
and all these quads form the reciprocal mesh M∗. It is known
that M∗ is also in equilibrium with M as its reciprocal force
diagram [38, 37].

Corresponding edges in a reciprocal mesh pair (M,M∗)
are parallel. However, edges through a vertex of M belong to
edges in a face of M∗ and vice versa. One speaks of reciprocal
parallel meshes. We see that the reciprocal parallel mesh M∗

of a PQ mesh M is not a PQ mesh, but a mesh with planar
vertex stars, a so-called A-net. A-nets are discrete asymp-
totic parameterizations and have been studied extensively in
discrete differential geometry [31].

Planarity of parameter lines is not preserved when switch-
ing from M to M∗. A planar polyline in M (say, in a plane
U(v)) corresponds to a strip of edges in M∗ which are parallel
to the plane U(v) and connect the vertices of two neighboring
parameter lines of M∗ (see Fig. 10). These connecting edges
can be viewed as rulings of a so-called conoidal ruled surface.

Hence, the reciprocal mesh M∗ to a PP+PQ mesh M in
equilibrium (without external forces) is a discrete affine min-
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imal surface (Fig. 10). It is a discrete version of smooth sur-
faces which possesses an asymptotic parameterization with
the following property: Along each asymptotic curve, the
other asymptotic tangents form a conoidal ruled surface (i.e.,
they are parallel to a plane). According to W. Blaschke [39],
this characterizes negatively curved affine minimal surfaces.

(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a) (b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)

(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)

Figure 10: Quad meshes in static equilibrium. (a) A PP+PQ mesh M
in static equilibrium. (b) Its reciprocal force diagram M∗ is a discrete
affine minimal surface. Red: Forces through a vertex of M correspond
to edges in a face of M∗. Blue: A planar polyline in M corresponds to
a strip of edges in M∗. These edges are parallel to the plane containing
the corresponding polyline in M . (c) A parallel mesh M̄ of M is also a
PQ+PP mesh and in equilibrium with M∗ as reciprocal force diagram.

There is another, simpler type of mesh parallelism which
plays a role in our context as well. A pair of combinatorially
equivalent meshes M,M̄ is called parallel (or related by a
Combescure transformation [31]) if corresponding edges are
parallel. This is only possible for PQ meshes. Since planar
parameter lines are also kept under this mesh parallelism,
we can state that PQ meshes with planar parameter lines
are invariant under mesh parallelism. Obviously, also static
equilibrium is preserved under parallelism, since we can take
the forces from the original mesh M , i.e., keep the reciprocal
force diagram M∗ unchanged.

3.2. Static equilibrium with vertical loads

In this subsection, we now consider equilibrium with exter-
nal loads. We discuss the rationalization of a given shape by
a funicular P-mesh (P+F mesh) subjected to vertical loads.
It turns out that this approximation task is closely related
to the one addressed in 2.2, if we consider the so-called Airy
stress surface, explained below.

3.2.1. Airy stress function

As we are dealing with vertical loads, we will project equi-
librium along the vertical axis, and introduce the Airy stress
function. We recall here some basics about discrete Airy
stress functions. A more complete treatment may be found
for example in [12].

As shown in Figure 11, for a mesh M in static equilibrium
under vertical loads with supported boundary, each unsup-

ported vertex vi satisfies an equilibrium equation (assuming
a vertical z-axis):

∑
wij(vi − vj) =

 0
0
pi

 , (3)

where the sum is over all j characterizing the connected
neighbors of vi and pi is the vertical load on vertex vi.

Considering just the x and y coordinates in (3) shows that
the top view M̄ of M in the xy plane is in equilibrium with-
out external forces and with forces f̄ij = wij(v̄i − v̄j) in the
edges. Here v̄ = (vx, vy) denotes the top view of a point
v = (vx, vy, vz). The forces f̄ij at each vertex v̄i form a
closed planar polygon of the reciprocal force diagram M̄∗.
Here we apply a −90◦ rotation to the force vectors f̄ij in
order to obtain the edge vectors of the force diagram M̄∗.

Based on M̄∗, one can construct a polyhedral mesh (so-
called Airy stress surface) Φ = (x, y, ϕ(x, y)), which shares
the same projection M̄ in the xy plane. A planar face fk of
Φ has a gradient ∇ϕ|fk = (x∗

k, y
∗
k) that agrees with the coor-

dinates (x∗
k, y

∗
k) of the corresponding vertex v̄∗

k in the force
diagram. Equivalently, the normal vector nk = (nx

k, n
y
k, n

z
k)

of face fk is related to the coordinates of vertex v̄∗
k by

v̄∗
k = (nx

k/n
z
k, n

y
k/n

z
k).

We are now considering two faces fk, fl of the Airy sur-
face which share a common edge and show how to compute
the associated force (horizontal force component in the cor-
responding edge on M) directly from the Airy surface. Let
⃗̄eij = (v̄i− v̄j)/||v̄i− v̄j || be the unit vector representing the
top view of that edge in the xy-plane. Then, the force along
this edge ⃗̄eij is computed by

βis(ēij) = J(∇ϕ|fk −∇ϕ|fl) · ⃗̄eij , (4)

where J =

[
0 −1
1 0

]
describes the +90◦ rotation in the

xy plane. Note that the difference vector of the gradients
∇ϕ|fk − ∇ϕ|fl equals the edge vector in the reciprocal dia-
gram, i.e. the rotated force vector. Reversing the rotation via
J and multiplying with the unit edge vector ⃗̄eij gives the force
wij ||v̄i − v̄j || with the correct sign. That value is equal to
the angle between the planes of faces fk and fl, if the angle is
measured within isotropic geometry, a simple non-Euclidean
geometry which is the appropriate geometric setting in the
present context. An introduction to isotropic geometry can
be found in [40]. For detailed discussions of the geometry of
equilibrium, we refer to [41, 42, 43, 12].

3.2.2. Relation between F and PQ properties

Funicularity, which is a notion that combines geometry and
forces, may be expressed as a purely geometrical constraint
on the Airy mesh: For a given funicular mesh M and its
Airy surface Φ, a funicular quad mesh M1 representing the
discrete surface M corresponds to a PQ mesh that approxi-
mates Φ [43, 12]. We will be mainly interested in the recip-
rocal statement: if we remesh the Airy surface by a PQ mesh
Φ1, then there is a corresponding funicular mesh M1 that
approximates the design surface M . These statements are
precise in the smooth limit. In the present discrete setting,
one has degrees of freedom in approximating a given discrete
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(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a) (b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b) (c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c) (d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)
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Figure 11: Airy stress surface and using it for remeshing with a P+F mesh. (a) A mesh M in static equilibrium under vertical load with supported
boundaries, and its projection M̄ onto the xy plane. (b) The horizontal equilibrium of M̄ forms a force diagram M̄∗. It is a dual mesh whose edges
are constructed from the forces of M̄ and rotated by 90 degrees [38]. The Airy polyhedron Φ has the same top view M̄ as M . It has planar faces
whose gradients are defined by the coordinates of the corresponding vertex of M̄∗. (c) In the special case where M is rationalized towards a P+F
mesh with vertical planar polylines, we perform P+PQ remeshing of Φ and map back to M . (d) When the planar polylines on M are not confined
to be vertical, we project them in vertical direction to Φ, compute conjugate directions there, and use the resulting cross field on Φ for remeshing.

surface M and an associated polyhedral discrete Airy sur-
face Φ by quad meshes M1,Φ1 such that Φ1 has planar faces.
Even when Φ1 is determined, there is no unique way to com-
pute M1. However, the provided geometric relations can be
effectively used for initialization of a subsequent optimiza-
tion which will slightly change the geometrically motivated
initial guess and finally achieve the required constraints on
the mesh M1 to be designed, including funicularity, with suf-
ficiently high accuracy.

3.2.3. P+F remeshing

We now propose a method to remesh a funicular triangular
mesh M by a P+F mesh.
Firstly, funicularity implies that there exists an Airy stress

function Φ. We remark that a polyline of the mesh is in
a vertical plane if and only if the corresponding polyline of
the Airy polyhedron is in the same vertical plane (Figure
11 (c)). Hence, remeshing M by a P+F mesh (with vertical
planar polylnes) can be obtained by a P+PQ-remeshing of Φ,
followed by a vertical projection of the resulting mesh onto
M.

A workflow for P+PQ remeshing was proposed in subsec-
tion 2.2. It may be readily used here, applied to the Airy
surface instead of being applied directly to the surface. The
workflow is particularly simple if Φ is free of asymptotic di-
rections, which happens if all forces are compressive or all are
tensile. This is necessary when the structure is a masonry or
cable net, respectively. The harder case is the one where both
compression and tension occur, since this correponds to neg-
atively curved regions of the stress surface. The searching
with a color-coded function introduced in subsection 2.2 may
then be used.

For more general designs, the planar polylines of the P+F
mesh need not be vertical. In this case, we have to select
planes for the parameter lines onM so that their intersections
with the design surface correspond to curves on Φ which avoid
asymptotic directions. We then project the planar sections
on M vertically to Φ and compute the conjugate field on Φ
(Figure 11 (d)). After remeshing the Airy surface Φ according
to this conjugate field, it is already close to a PQ mesh. We

can further optimize the face planarity with proximity to the
original Airy surface Φ. Then we vertically map the polylines
back onto the target M , with the isotropic angle between
faces of the Airy mesh as the initial force value. With this
initialized mesh and forces, we can find a P+F mesh in close
proximity to the given shape by optimization (for details of
optimization, see Section 5).

For some special cases where the designed parameter lines
are close to the conjugate nets on both Airy surface and target
surface, it is possible to rationalize the surface as a P+PQ+F
mesh. A self-Airy surfaceM , which agrees (up to scaling in z-
direction) with its Airy surface Φ, is obviously one category
of surfaces that can be approximated in this way (Figure
12). As a typical self-Airy surface, paraboloid remarkably
combines funicularity with planar faces and polylines [44].
For the construction of self-Airy surfaces, we refer to [42,
43]. Another example of P+PQ+F rationalization is shown
in Figure 13. More generally, Figure 14 shows an example
of rationalization by a P+F mesh where the Airy surface
is not convex, so that remeshing should avoid touching the
asymptotic curves.

4. Meshes with orthogonal planar parameter lines

In this section, we combine the constraints of planar poly-
lines with right node angles. We first discuss smooth surfaces
with orthogonal planar parameter lines (Subsection 4.1). Ac-
cordingly, we introduce two methods for finding meshes with
planar polylines which meet at an angle of 90◦ (Subsec-
tion 4.2).

One approach departs from surfaces with parabolas as
curves of steepest descent as a special category of surfaces
with planar orthogonal parameter lines for accessing the de-
sign space. The other one starts with a numerical solution
of the partial differential equation that needs to be solved in
the case of smooth surfaces. In both cases, a further global
optimization as described in Section 5 can be used to edit the
meshes.
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(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a) (b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)

(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c) (d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)

Figure 12: Rationalization of a self-Airy surface by a P+PQ+F mesh.
(a) A given self-Airy surface, as shown in [45], is represented by a triangle
mesh. (b) Remesh the Airy mesh towards a P+PQ mesh based on the
conjugate field guided by the cutting planes. (c) and (d) show the force
distribution, planar polylines (actually both families are planar, so we
have a PP+PQ+F mesh) and planar quad panels after optimization.

4.1. Smooth surfaces

Let us first provide a view into classical geometric research
on surfaces which carry two orthogonal families of planar
curves.

T. Ivey [46] showed that the only surfaces which carry two
orthogonal families of circles are Dupin cyclides. The circles
are either principal curvature lines or form an angle of 45 de-
grees with those (Villarceau circles). In the latter case, the
surfaces are related to a Willmore torus (torus of revolution
with radii 1 and

√
2) by a Möbius transformation. The Vil-

larceau circles on other ring cyclides do not intersect under a
right angle, but under a constant angle.

Another special case of surfaces with orthogonal planar
parameter lines are those where one family of curves are
straight. These ruled surfaces have been completely classi-
fied by H. Sachs [47]. If they are developable ruled surfaces
and possess a family of curves orthogonal to the rulings, they
are either cylinders or developable surfaces of constant slope.
In both cases the planes U(v) of the curves orthogonal to the
rulings are parallel and thus these are also the surfaces with
straight curves of steepest descent. The surfaces intersect the
planes U(v) under a constant angle. For a detailed study of
these surfaces, we also refer to [30].

Generalizations of developable surfaces of constant slope
are surfaces with an orthogonal net of planar curves, where
one family of parameter lines lie in parallel planes. We may
imagine these planes as horizontal. In an architectural ap-
plication they could form the floor slabs of a building. Then
the orthogonal curves are curves of steepest descent. There
has been a number of contributions on surfaces with pla-
nar curves of steepest descent, especially by W. Wunderlich
[48, 49, 50, 51] and more recently by H. Trautwein [52]. If,
in addition the second family of curves lies in vertical planes,
we arrive at the familiar moulding surfaces, which are spe-
cial cases of surfaces with planar curvature lines which have

(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a) (b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)

(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c) (d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)

Figure 13: Rationalization with a P+PQ+F mesh. (a) A given surface
in static equilibrium (in blue) and its Airy stress surface (in white)
are represented by triangle meshes. (b) Design the planes containing
planar polylines on the target surface and remesh the Airy mesh along a
conjugate field. (c) and (d) show the force distribution, piecewise planar
polylines (in colors) and near planar quad panels after optimization.

(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a) (b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)

(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c) (d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)

Figure 14: Rationalization with a P+F mesh. (a) A given surface in
static equilibrium (in blue) and its Airy stress surface (in white) are
represented by triangle meshes. (b) Design the planes containing planar
polylines on the target surface and remesh the Airy mesh by a conjugate
field without being tangent to the asymptotic curves (in red). (c) and
(d) show the force distribution and piecewise planar polylines (in colors)
after optimization.

recently been discussed in detail in connection with the ar-
chitectural application [19, 20, 2].

Surfaces with parabolas as curves of steepest descent.
Since our computational approach is based on numerical op-
timization, it is important to have good starting meshes for
further manipulation. In one of the above mentioned papers
on surfaces with planar curves of steepest descent we find a
sufficiently large set of examples to get started with. These
are the surfaces which possess parabolas as curves of steepest
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descent. W.Wunderlich [49] provided an elegant construction
of all these surfaces through an appropriate transformation
of developable surfaces of constant slope (for the latter, see
the detailed treatment in [30]). It is sufficient here to assume
slope 1. These surfaces Φ∗ are envelopes of a one-parameter
family of planes which are inclined against the plane z = 0
under the angle π/4:

T (v) : x∗ cos v + y∗ sin v − z∗ = h(v).

Here, the arbitrary function h(v) is the support function of
the intersection of Φ∗ with the plane z = 0. To compute
the envelope of tangent planes T (v), we have to compute
the derivative planes Ṫ (v) : −x∗ sin v + y∗ cos v = ḣ(v) and
intersect with T (v). This yields the developable surface Φ∗

of constant slope:

x∗(u, v) = ((h+ u) cos v − ḣ sin v, (h+ u) sin v + ḣ cos v, u).

It is convenient to consider complex numbers ζ∗ = x∗ + iy∗,
since then the first two coordinate functions are simply

ζ∗ = (h+ iḣ+ u)eiv.

Note that the surface Φ∗ has straight u-lines which intersect
the v-lines in planes z = u under a right angle. The same
right angle appears in the top view (projection into the plane
z = 0). Following Wunderlich [49], we now apply the con-
formal map γ : ζ∗ 7→ ζ = (ζ∗)2 to the first two coordinates
and keep the third coordinates z∗ unchanged. This yields the
surface Φ:

Φ : ζ = x+ iy = (h+ iḣ+ u)2e2iv, z = u. (5)

The conformal map γ transforms straight lines to parabolas
with focal point at the origin. The simple 3D extension maps
general straight lines in space to parabolas whose axes are
parallel to the plane z = 0. The v-lines in planes z = u are
also transformed by γ and the right angle to the u-lines is
preserved. Hence we have a surface Φ all whose curves of
steepest descent (u-lines) are parabolas with horizontal axis.
Wunderlich shows that the other essentially different case is
the one with z = u2 instead of z = u. Now all parabolas
are tangent to the plane z = 0 along a curve and their axes
possess constant slope 1. We can set z = a0u

2+a1u and also
obtain surfaces with parabolas as curves of steepest descent.
This amounts to applying the transformation

(x∗, y∗, z∗) 7→ ((x∗)2 − (y∗)2, 2x∗y∗, a0(z
∗)2 + a1z

∗) (6)

to Φ∗.

In order to design Φ, it is better to prescribe its curve c
in the plane z = 0 (see Figures 15). Then, one applies the
inverse conformal map ζ 7→

√
ζ to it, obtaining a curve c∗ on

a developable surface Φ∗ of constant slope 1. We need not
use the support function to compute Φ∗, but just consider
the fact that the rulings of Φ∗ have the normals of c∗ as
their top view. Hence, if c∗ is given in a parameterization
c∗(v) = (c∗1(v), c

∗
2(v)), the surface Φ∗ can be written as

x∗(u, v) = (c∗1 −
u√

(ċ∗1)
2 + (ċ∗2)

2
ċ∗2, c

∗
2 +

u√
(ċ∗1)

2 + (ċ∗2)
2
ċ∗1, u).

Transforming back via a map of the form (6) yields the surface
Φ. In the following, surfaces with parabolas as curves of
steepest descent will be called Wunderlich surfaces.

(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)

ccccccccccccccccc

c∗c∗c∗c∗c∗c∗c∗c∗c∗c∗c∗c∗c∗c∗c
∗c∗c∗

(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)

Φ∗Φ∗Φ∗Φ∗Φ∗Φ∗Φ∗Φ∗Φ∗Φ∗Φ∗Φ∗Φ∗Φ∗Φ∗Φ∗Φ∗

(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)

ΦΦΦΦΦΦΦΦΦΦΦΦΦΦΦΦΦ

(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)

(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e) (f)(f)(f)(f)(f)(f)(f)(f)(f)(f)(f)(f)(f)(f)(f)(f)(f)

Figure 15: Construction of Wunderlich surfaces. (a) One chooses a curve
c (blue) in the plane z = 0 and applies the conformal map ζ 7→

√
ζ

to it. This yields the curve c∗ (red). (b) A developable surface Φ∗

of constant slope is computed through c∗. (c) Application of a map
(6) (here (a0, a1) = (1, 0)) yields a Wunderlich surface Φ through c.
(d,e) The result depends on the location of the origin in the base plane.
Here, we fixed c∗ and changed the origin. (f) A Wunderlich surface
constructed on the same base curve c, but with (a0, a1) = (−0.3, 1).

Partial differential equation characterizing surfaces
with orthogonal planar parameter lines. Preparing for
the construction of orthogonal PP meshes, we first describe
here the continuous form. For that, we prescribe two fami-
lies of planes U(v), V (u) and consider the intersection lines
l(u, v) = U(v) ∩ V (u). This 2-parameter family of lines (line
congruence; see [30]) may be written with a guiding surface
s(u, v) and direction vectors d(u, v) as

l(u, v) : x = s(u, v) + wd(u, v).

We have to find w = w(u, v) so that the parameter lines on
the surface x(u, v) = s(u, v) + w(u, v)d(u, v) are orthogonal.
The orthogonality condition xu · xv = 0 leads to a nonlinear
first order PDE for the function w(u, v),

(su + wud+ wdu) · (sv + wvd+ wdv) = 0. (7)

It is possible to find explicit solutions for special cases such
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as the one where both plane families are pencils of planes.
However, this would lead too far away from the main pur-
pose of this paper and thus we defer those results to another
publication. Here, we focus on the discrete case and note
that the construction provided below is an algorithm to find
numerical solutions of this PDE.

4.2. Discrete surfaces

We use special quad meshes as discrete models of orthogo-
nal surface parameterizations. As explained in Fig. 16, we re-
quire each face in the mesh to have diagonals of equal length.
This discrete orthogonality constraint is now used for a nu-
merical solution of equation (7) and later in the global opti-
mization of Section 5.

ααααααααααααααααα

(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a) (b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b) (c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)

Figure 16: Discrete orthogonal surface parameterizations. (a) Orthogo-
nality is defined per face. In each face, we require orthogonal connecting
lines of opposite edge midpoints (α = 90◦). Edge midpoints are vertices
of a parallelogram (blue). Since it has orthogonal diagonals, it is a rhom-
bus. (b) The edges of that rhombus are parallel to the diagonals (red)
of the quad and have half of the diagonals length. (c) Hence, discrete
orthogonality is formulated via diagonals of equal length in each face of
the quad mesh.

4.2.1. Form-finding using propagation for initialization

We are now ready to present a numerical solution of PDE
(7) to obtain discrete versions of surfaces with orthogonal
planar parameter lines (PP+90◦ meshes). It is one way to
come up with initial shapes that can later be edited by global
optimization.

Firstly, we prescribe the planes of parameter lines. One
family of parameter lines lie in planes U1, U2, U3, . . . and the
other family in planes V1, V2, V3, . . .. This constrains the ver-
tices vi,j of the mesh to the intersection lines li,j = Ui ∩ Vj .
In addition to the planarity of parameter lines, we aim at
their orthogonality. This requires equal-length diagonals in
the quads of the mesh, as shown in Fig. 16.

We can construct a PP+90◦ mesh to the provided data
from one boundary polyline by a propagation algorithm as
follows: We prescribe a boundary polyline on plane U1 and
an initial guess of the next vertex (green) of the other bound-
ary on plane V1 as shown in Fig. 17. We can then find the
positions of the vertices for the next polyline on plane U2

via orthogonality. This propagation is achieved by progres-
sively intersecting a sphere (radius equals a known diagonal
length) with a line li,j (Fig. 17 (a)). The number of inter-
section points can be 2, 1 or 0. If there are two intersection
points, we select the one with lower fairness energy (fairness
is expressed via 2nd differences; see Section 5). If there is no
intersection, it is natural to use the point of li,j that is closest
to the sphere, and thus we get vi,j by orthogonal projection of
the sphere center vi−1,j−1 onto li,j . Immediately after getting

this first version of the mesh polyline in U2, we optimize it for
fairness keeping the constraints; this will in general change
the originally chosen point (green) in V1. We then repeat the
steps described above to find the next polyline on U3, and
so on. Finally, we employ a global optimization with various
considerations from a practical perspective. This depends on
the requirements of the application and may allow deviations
from the originally fixed plane positions, from precise discrete
orthogonality, and from the boundary in U1.

Examples of meshes constructed with the propagation al-
gorithm and later modified through global optimization are
shown in Fig. 18. In particular, the figure shows that relax-
ing the orthogonality constraint enlarges the design space so
that further constraints, e.g. at boundaries, can be applied.

4.2.2. Form-finding using Wunderlich surfaces for initializa-
tion

A PP+90◦ mesh with one family of polylines in horizon-
tal planes can be obtained by sampling a Wunderlich sur-
face. Its construction can start from a based curve c, as
illustrated in Fig. 15. Sampled Wunderlich surfaces are just
a very special subset of PP+90◦ meshes. They may not ful-
fil our discrete orthogonality constraint precisely. This does
not hurt in the subsequent editing through optimization (see
Section 5), which we can apply in order to enlarge the design
space. Figs. 19 and 20 show examples.

4.3. Discussion

Both of the proposed methods are suitable for architec-
tural design, as one can easily start with prescribing a
base/boundary curve on the ground. The Wunderlich-based
initialization has more control on the curves in the steepest
descent direction, which however are restricted to parabolas.
In contrast, the propagation-based initialization is more flex-
ible, since there is no restriction on the planes carrying the
parameter lines. However, propagation is not guaranteed to
yield useful results for certain choices of a boundary poly-
line and planes of parameter lines. Overall, both approaches
are able to provide a reasonable initialization for the shape
editing with optimization.

5. Optimization

As already mentioned in Sections 2, 3 and 4, numerical
optimization is used to refine meshes and to broaden the de-
sign space with shape editing. For the computation of con-
strained meshes, we use the numerical optimization algorithm
proposed by Tang et al. [53]. It is an appropriately regular-
ized Gauss-Newton algorithm. An important ingredient for
the high performance is the use of constraints that are at
most quadratic. In many cases, this can be achieved by the
introduction of auxiliary variables. Otherwise, one uses ge-
ometrically motivated simplifications and may take certain
values for variables from the previous iteration. We do not
consider this a main contribution, but just provide the nec-
essary details for a successful implementation.
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(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)

U1U1U1U1U1U1U1U1U1U1U1U1U1U1U1U1U1
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(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)

Figure 17: Construction of a PP+90◦ mesh by propagation. (a) The basic step computes from three known vertices vi−1,j−1, vi−1,j , vi,j−1 to a
vertex vi,j on a line lij so that the diagonals in the resulting quad have equal length; this amounts to intersecting a sphere centered at vi−1,j−1 with
li,j . (b) Propagation from a prescribed boundary polyline in U1 to the next polyline in U2. (c) Final result after global optimization for fairness.

(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a) (b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)

(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c) (d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)

(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e) (f)(f)(f)(f)(f)(f)(f)(f)(f)(f)(f)(f)(f)(f)(f)(f)(f)

Figure 18: PP+90◦ meshes found by propagation plus optimization. (a)
shows a result of propagation with one prescribed boundary (red) on the
ground. (b) The undesirable shape of the surface near the yellow vertex
can be improved by changing its position through global optimization
keeping the planarity and orthogonality of polylines, the given boundary
and fairness. (c) A PP+90◦ mesh with one family of polylines in hor-
izontal planes, constructed through the same boundary on the ground.
(d) Another PP+90◦ mesh found by propagation plus optimization with
a fixed ground boundary. (e) A user may request to control both bound-
aries (red and blue) for architectural applications. Since a propagation
with two fixed boundaries may lose fairness, a soft constraint for or-
thogonality is applied to find a near orthogonal PP-mesh. (f) shows its
angle distribution where the angles are measured between connecting
lines of opposite edge midpoints in each face, referring to Fig. 16.

5.1. Constraints

Planar Polyline constraints. To construct a P-mesh or a PP-
mesh, one or both families of parameter lines have to be pla-
nar. Planarity of a polyline p is achieved by using the normal
vector np of its plane as an additional variable and requires
orthogonality of all edges of p to np. To avoid that dur-

(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a) (b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)

(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c) (d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)

Figure 19: Designing PP+90◦ meshes, starting from a sampled Wunder-
lich surface. (a) Original mesh sampled from the Wunderlich surface of
Fig. 15 (f). (b) Editing to find a new PP+90◦ mesh keeping one family
of polylines in horizontal planes. (c) Editing to find a general PP+90◦

mesh without preserving the horizontal polylines. In these examples,
pink vertices are fixed and editing relocates the yellow vertices. (d) A
result of several editing operations, after cutting the surface open along
a profile.

ing optimization np tends to zero and thus the orthogonality
constraint is fulfilled in a trivial way, we require a normalized
vector np. If p contains lp vertices, vp0,vp1,vp2 . . .vp,lp−1,
this yields the planarity energy

EPP =

|P |−1∑
p=0

lp−2∑
j=0

(np · (vpj − vp,j+1))
2
+

|P |−1∑
p=0

(np · np − 1)2,

(8)
where |P | represents the number of polylines in the mesh that
need to be planar.

PQ constraints. Analogously, we express planarity of a face
i with vertices vi0, vi1, vi2 and vi3 as

EPQ =

|F |−1∑
i=0

3∑
j=0

(ni · (vij − vik))
2
+

|F |−1∑
i=0

(ni · ni − 1)2, (9)
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(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a) (b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b) (c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c) (d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)

(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e)(e) (f)(f)(f)(f)(f)(f)(f)(f)(f)(f)(f)(f)(f)(f)(f)(f)(f) (g)(g)(g)(g)(g)(g)(g)(g)(g)(g)(g)(g)(g)(g)(g)(g)(g) (h)(h)(h)(h)(h)(h)(h)(h)(h)(h)(h)(h)(h)(h)(h)(h)(h)

Figure 20: PP+90◦ meshes designed via editing Wunderlich surfaces. (a) Sampled Wunderlich surface, designed through the red curve. (b) A PP+90◦

mesh obtained from (a) by fixing the bottom boundary and lifting the yellow vertex. (c) and (d) show a design obtained by editing a Wunderlich
surface through a user-defined bottom curve. (e) The design freedom is enlarged by requiring one family of parameter lines to be just piecewise
planar; the pieces are colored in (f). (g) shows another design and its support structures from planar long-range beams in (h).

where |F | denotes the number of faces in the mesh and index
k ≡ j + 1 (mod 4).

Orthogonality constraints. As discussed in 4.2, discrete or-
thogonality of a face i requires diagonals of equal length,
leading to

Eorth =

|F |−1∑
i=0

(∥vi2 − vi0∥2 − ∥vi3 − vi1∥2)
2
. (10)

Static equilibrium constraints. Following up on Section 3, we
provide a generalized energy term of static equilibrium with
vertical loads on vertices. Each unsupported vertex vi in the
quad mesh has adjacent vertices that form a set Vi. For each
vj ∈ Vi, we introduce a force density wij as in Eq. (2). We
assume the vertical load (along z-axis) on vertex vi is pi, and
thus force balance yields

Estatic =

|V |−1∑
i=0

(
∑

j:vj∈Vi

wij(vi − vj)−

 0
0
pi

)2, (11)

where |V | represents the number of unsupported vertices in
the quad mesh. In Figure 13 and 14, pi represents a uniformly
distributed area load on vertices considering the barycentric
area around vertex vi.

Fairness constraints. The fairness term is based on second
order differences of mesh polylines and the graph Laplacian.
For a vertex vi which is not on the boundary, its immediate
neighbours are vi0, vi1, ..., vi,n−1. The fairness energy of the
mesh is calculated by Eq. (12) for regular vertices (valence
equal to 4) and Eq. (13) for irregular vertices (valence n ̸= 4):

Efairness =

|V |−1∑
i=0

(
vi −

vi0 + vi2

2

)2

+

(
vi −

vi1 + vi3

2

)2

,

(12)

Efairness =
∑

i:vi∈singularities

(
vi −

vi0 + ...+ vi,n−1

n

)2

.

(13)

Proximity constraints. In the mesh approximation tasks,
proximity terms are applied to constrain the mesh vertices
to be close enough to the target shape. We use two types
of proximity constraints in this paper, expressing squared
distances to closest points and to tangent planes at closest
points, respectively. The latter has more weight and is known
to be a good approximation of the squared distance function
of a surface at points near that surface [54]. Given a ver-
tex vi, we use a KD-Tree based searching method to find its
closest point vi,ref on the reference surface (represented by a
dense triangle mesh). Then the proximity term is calculated
by Eq. (14) for point distance or/and by Eq. (15) for tangent
distance, in which we introduce the normal vector ni,ref at
vi,ref on the reference surface,

Eprox =

|V |−1∑
i=0

(vi − vi,ref )
2
, (14)

Eprox tan =

|V |−1∑
i=0

((vi − vi,ref ) · ni,ref )
2
. (15)

5.2. Optimization parameters

With the constraints mentioned above, we arrive at an ob-
jective function Etotal:

Etotal = λ1EPP+λ2EPQ+λ3Eangle+λ4Estatic+λ5Efairness+λ6Eprox+λ7Eprox tan,
(16)
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where λ5 should be lower than other parameters in an order
of magnitude as a “soft” constraint. We solve this optimiza-
tion problem by a Levenberg-Marquardt method with a fixed
damping parameter 10−6. The specific parameters we used
for selected figures are listed in Table 2.

It is useful to mention such details: Within the iterations,
the energy terms of the constraints that need to be fulfilled
such as EPP , EPQ, Eangle and Estatic can be optimized to
a value lower than 10−3 (the meshes are standardized to the
scale with an average edge length equal to 1). We further
check the planarity δf of faces by the distance of diagonals
divided by average length of diagonals, which has a typical
value lower than 10−4. Similarly, we check the planarity δP
of polyline P which is the maximum distance of P ’s vertices
from a best approximating plane, divided by the bounding
box diameter of P . The typical value of δP is lower than
10−3.

6. Extended results and discussion

6.1. P+PQ meshes

In subsection 2.2, we discussed surface approximation by
P+PQ meshes initialized with vertical planar beams. Here,
we illustrate more broadly the freedom in the design of P+PQ
meshes.

Fig. 21 (a) shows an optimization result of a P+PQ mesh
with vertical planar polylines. However, when the topology
of the mesh is not regular, it will be no longer possible to keep
all the polylines in vertical planes. In this case, we could still
achieve planes intersecting the ground at angles close to 90
degrees (Fig. 21 (b)).

(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a) (b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)

Figure 21: Design of P+PQ meshes. (a) A P+PQ mesh with vertical
planar polylines. The vertical planar polylines are colored in red. (b)
A P+PQ mesh designed with a combinatorial singularity. Only the
planar polylines emanating from the singularity are vertical, others are
on nearly vertical planes.

Furthermore, we discuss an example for a targeted choice
of plane directions for the planar polylines. The planes can
be chosen in order to control the amount of sunlight pass-
ing through the support structure. In Fig. 22, we illustrate
shading patterns at different times in a day. There, the ap-
plication is not shading, but we let enough light pass through
the structure. This is done by choosing a sequence of planes
for the planar polylines in which each plane is parallel to the
incoming light at different times of the day. To achieve maxi-
mal shading, one needed to position the planes as orthogonal
as possible to the sun light. For a discussion of this and re-
lated aspects, we refer to Wang et al. [55]. However, that
paper does not have planar parameter lines and thus the fab-
rication of the support structure would be more complicated.
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Figure 22: A P+PQ mesh with its support structure generates different
shading patterns during a day. (d) illustrates the front view of the
support structure aligned with the family of planar polylines. The red
lines indicate selected plane positions. When the light is parallel to
those, the respective parts in the shading pattern are lighter, well seen
in (a-c).

In order to achieve more design freedom, we can consider
meshes where every N -th polyline in a family is planar. One
will then place the main load-carrying beams of the structure
in those planes. As for the Strasbourg train station (Fig. 3
(c)), these planar beams are the primary load-bearing struc-
tures reinforced by the “bike-wheel” cables. Fig. 23 shows
the design of a PQ mesh in which every fifth polyline in one
family is planar.

(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a) (b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)

Figure 23: A PQ mesh in which every fifth polyline of a family is planar.
Along these polylines the main load-carrying and stabilizing beams of
the structure are placed.

6.2. PP+90◦ meshes

In Section 4, we introduced two initialization methods for
the design of PP+90◦ meshes, whose shapes can be further
edited by optimization. Fig. 24 shows more architectural de-
signs of PP+90◦ meshes initialized by Wunderlich surfaces
with a prescribed base curve on the ground. One can ob-
serve that for such combination of constraints, we ask for
the orthogonality of the crossing angles of planar polylines
rather than the orthogonality of the planes of the support
structure. An important advantage lies in repetitive node.
These are not directly present in our discrete versions. How-
ever, it is straightforward to represent each planar parameter
line by a smooth curve, e.g. a C1 cubic spline, so that the
arising curve network has precise orthogonal node angles (see
Fig. 25).

It is important to mention that accessing the design space
through a proper choice of initial shapes is important. Fig. 26
shows an example. Looking for a PP+90◦ mesh, one may
have the idea to start with a PP mesh approximating the de-
sired shape and then optimize for orthogonality, maybe even

15



Fig. |V | |F | #var #cons λ1 λ2 λ3 λ4 λ5 λ6 λ7 #iterations time[s]/it

8(b) 881 800 5202 13284 1 1 0 0 0.15 0 0.3 10 0.89
8(d) 881 800 5202 12403 1 5 0 0 0.1 0.1 0 10 0.85
13(d) 557 503 4425 7989 1 1 0 1 0.02 0.1 0.2 10 0.63
14(d) 728 655 3803 9351 1 0 0 1 0.1 0.2 0.3 10 0.74
18(a) 350 306 1185 2836 1 0 1 0 0.15 0 0 30 0.49
18(b) 350 306 1185 2836 1 0 1 0 0.1 0 0 10 0.37
18(c) 350 306 1185 2856 1 0 1 0 0.1 0 0 10 0.38
18(d) 350 306 1185 2836 1 0 1 0 0.1 0 0 10 0.45
18(e) 350 306 1185 2836 1 0 0.1 0 0.1 0 0 10 0.37
20(b) 600 539 1986 4967 1 0 1 0 0.03 0 0 10 0.73
20(c) 1071 1020 3429 9282 1 0 1 0 0.03 0 0 10 0.88
20(e) 588 498 2163 4698 1 0 1 0 0.03 0 0 10 0.62
20(g) 640 585 2088 5401 1 0 1 0 0.15 0 0 10 0.39
21(a) 1225 1156 7248 13970 1 1 0 0 0.03 0 0 10 0.92
21(b) 331 288 1923 3531 1 1 0 0 0.05 0 0 10 0.45
22 6241 6084 37212 98123 1 1 0 0 0.1 0.1 0 10 6.51
23 2100 2000 12360 24520 1 1 0 0 0.1 0 0.1 10 1.82

Table 2: This table gives an overview of the size of optimization problems solved for various examples in this paper. We also provide the parameter
settings and computation time in seconds. The algorithms are implemented in Python and tested on the CPU processor with Intel Xeon CPU E5-2697
2.60GHz.

(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)

(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b) (c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c) (d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)

Figure 24: Two PP+90◦ meshes (a),(b) and corresponding renderings highlighting the planes of supporting structures (c),(d).

(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a) (b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)

Figure 25: Right node angle and repetitive nodes. (a) A free-form
PP+90◦ mesh has supporting planes which are in general not orthogo-
nal, and the edges do not meet in the nodes at precise right angles. (b)
The mesh can be turned into a network of planar smooth curves with
precise 90◦ crossing angles at nodes. One can fabricate it as a network
of long-range continuous planar beams, where one family is stacked on
top of the other and fixed by a repetitive node with a right node angle.

closeness to the original shape.The figure illustrates that such
an approach is likely to fail. In general, the more constrained
a mesh is, the more care has to be taken in choosing ini-
tial shapes. Ideally, one accesses the design space through
shapes which already fulfil all constraints (Wunderlich sur-

faces in our case) and then navigates in that space by editing
operations.

6.3. Feasible constraints

We have shown the feasible combinations of constraints
in quad meshes with planar parameter lines. For a further
discussion, these combinations are classified into two tasks,
approximation or form-finding, according to their shape re-
strictions (See Table 3). The former can at least locally ap-
proximate a given surface, but the latter is restricted to spe-
cial shapes. Here we point out that the approximation task
with P+90◦ meshes can be easily achieved by intersecting the
target surface with a family of planes which contain the pa-
rameter lines and remeshing on the corresponding orthogonal
fields, taking Subsection 2.2 as a reference. For the form-
finding task of PP+F meshes, one can take a P+F mesh and
its respective force density as initialization, then it would be
possible to find the very restricted PP+F meshes with shape
deviation through optimization.

7. Conclusion and future research

In this article, we investigated the design space of meshes
with planar polylines in the presence of additional con-
straints. We provided a solution for approximating a given
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(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a)(a) (b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)(b)

(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c)(c) (d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)(d)

Figure 26: A straightforward approach to PP+90◦ meshes via optimiza-
tion based on initialization with a non-orthogonal PP-mesh is problem-
atic. (a) A general PP-mesh as initialization. (b) Directly optimizing
for right node angles while preserving planarity generates a trivial re-
sult with a big shape change. (c) Optimization with a fixed boundary
(red) on the ground fails in searching for useful plane directions. (d)
Optimization with a closeness constraint to the original shape results in
bad fairness.

Combinations P-mesh PP-mesh

PQ Approximation Form-finding
90◦ Approximation Form-finding

PQ+90◦ Form-finding Form-finding
F Approximation Form-finding

Table 3: An overview of the constraint combinations in quad meshes
with planar polylines. The constraint combinations are either discussed
in this paper (red) or in [2] (blue).

surface by a P+PQ mesh. Also, we considered meshes with
planar polylines in static equilibrium, without vertical load
from the geometric perspective, as well as with vertical load
for the architectural rationalization. In addition, we intro-
duced two initialization methods for PP+90◦ meshes, and
used optimization-based editing to explore the shape space.
Finally, we provided details on our computational framework
and illustrated its capabilities by a number of examples. The
results show that long-range planar beams provide clear ad-
vantages for manufacturing, but appear to have structural
benefits as well.

Directions for future research include automatic solutions
for the approximation problem with P+PQ meshes, espe-
cially when a global solution has to use piecewise planar pa-
rameter lines. We also did not yet provide a general strategy
for the design of P+PQ+F meshes. In our paper, Wunder-
lich surfaces turned out to be very helpful for the design of
PP+90◦ meshes. Therefore, one would expect great bene-
fits from explicit solutions of the PDE (7). We have already
made some progress in this direction and hope to present suf-
ficiently large and practically useful classes of surfaces with
an orthogonal family of planar parameter lines in the near
future.
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[49] W. Wunderlich, Flächen mit Kegelschnitten als Fallinien, J. Reine
Angew. Math. 208 (1961) 204–220.
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